We summarize some recent results on encoding exact solutions of field equations in Einstein and modified gravity theories into solitonic hierarchies derived for nonholonomic curve flows with associated bi-Hamilton structure. We argue that there is a canonical distinguished connection for which the fundamental geometric/ physical equations decouple in general form. This allows us to construct very general classes of generic off-diagonal solutions determined by corresponding types of generating and integration functions depending on all (spacetime) coordinates. If the integral varieties are constrained to zero torsion configurations, we can extract solutions for the general relativity theory. We conclude that the geometric and physical data for various classes of effective/modified Einstein spaces can be encoded into multi-component versions of the sine-Gordon, or modified Korteweg -de Vries equations.
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Geometric Preliminaries: Let us consider a pseudo-Riemannian manifold V , dim V = n + m, (n, m ≥ 2), endowed with a conventional nonholonomic (equivalently, non-integrable, or anholonomic) horizontal (h) and vertical (v) splitting of tangent bundle T V via a Whitney sum N : T V = hT V ⊕ vT V . This defines a nonlinear connection, N-connection, structure with coefficients N = {N
, and indices i, j, ... = 1, 2, ...n and a, b, ... = n+1, n+2, ..., n+m. Boldface symbols will be used in order to emphasize that the geometric objects are adapted to a N-splitting.
In N-adapted form, we can work equivalently with three "physically important" linear connections completely defined by a metric structure g:
The total torsions T andT are completely determined by g ∼g but for different nonholonomic distributions N and/orǸ, which are equivalent up to frame transforms. There are unique distortion relations Decoupling of (Modified) Einstein eqs and Off-Diagonal Solutons: The metrics are parameterized (we can put, respectively, "hats/grave" symbols)
An Einstein manifold is defined by a solution g of the vacuum gravitational field eqs with cosmological constant λ, Ric = λg, where Ric is the Ricci tensor of ∇.
These eqs can be re-written equivalently in the form Ric = λg and (nonholonomic constraints) Z = 0,
for respective Ricci tensor, and/or (via nonholonomic frame deformations) in constant curvature matrix coefficient form,Ric = λg andZ = 0. For Z = 0, the eqs (2) define modified Einstein spaces with nonholonomically induced torsion. For simplicity, we consider solutions (1) for n = 2, with Killing symmetry on ∂/∂y 4 (see ref.
1 for more general non-Killing configurations depending on all spacetime coordinates) and parameterizations
we write (2) as
when the torsionless (Levi-Civita, LC) conditions Z = 0 are
The system of PDEs (3) can be integrated in very general forms. For instance, the first 2-d Laplace/ d'Alamber equation can be solved for any given λ. Redefining the coordinates and Φ := e φ (considered as a generating function) and introducing ǫ 3 ǫ 4 in λ, we express the solutions in functional form,
Solving respective algebraic equations, we compute w i = ∂ i φ/φ * = ∂ i Φ/Φ * . Finally, integrating two times on y 3 , we find n b = 1 n b + 2 n b dy 3 h 3 /( |h 4 |) 3 , where 1 n b (x i ), 2 n b (x i ) are integration functions. The equations for nonholonomic for the LC-conditions can be solved in explicit form for certain restricted classes of generating and integration functions. For instance, takingΦ =Φ(ln |h 3 |) for a functional dependence
, we can construct metrics of type
for certain classes of integration functions 2 n i = 0 and 1 n i = ∂ i n with a function n = n(x k ). We should take w i =w i = ∂ iΦ /Φ * = ∂ i A, with a nontrivial function A(x k , y 3 ) depending functionally on generating functionΦ, and satisfy ∂ i w j = ∂ j w i . Generating Solitonic Hierarchies: A non-stretching curve γ(τ, l) on a (modified) Einstein manifold V, where τ is a real parameter and l is the arclength of the curve on a nonholonomic V, is defined with such evolution d-vector Y = γ τ and tangent d-vector X = γ l that g(X, X) =1. Such a curve γ(τ, l) swept out a twodimensional surface in T γ(τ,l) V ⊂ T V. We consider a coframe e ∈ T * γ V N ⊗(hp⊕vp), which is a N-adapted (SO(n)⊕SO(m))-parallel basis along γ, see details in ref.
2
The associated linear connection 1-form is Γ ∈ T * γ V N ⊗ (so(n)⊕so(m)) (we can put "hat" or "grave" label on such geometric objects). We parameterize e X = e hX + e vX , where (for (1,
For a n + m splitting,
and
. The canonical d-connection induces matrices decomposed with respect to the flow direction: in the h-direction, e hY = γ τ ⌋he = 0
, when e hY ∈ hp, he , h − → e ⊥ ∈ R n and h − → e ⊥ ∈ R n−1 ,
, when e vY ∈ vp, ve , v ← − e ⊥ ∈ R m and v ← − e ⊥ ∈ R m−1 , and
Main Result: For any solution for (modified) Einstein manifolds, there is a hierarchy of N-adapted flows of curves γ(τ, l) = hγ(τ, l) + vγ(τ, l) described by geometric nonholonomic map equations. The 0 flows are convective (travelling wave) maps γ τ = γ l , distinguished (hγ) τ = (hγ) hX and (vγ) τ = (vγ) vX . There are +1 flows defined as non-stretching mKdV maps, − (hγ) τ = D 
